Using the multifractal approach, we derive the probability distribution function (PDF) of the velocity gradients in fully developed turbulence. The PDF is given by a nontrivial superposition of stretched exponentials, corresponding to the various singularity exponents. The form of the distribution is explicitly dependent on the Reynolds number. The experimental data are in good agreement with the PDF predicted by the same random beta model used to fit the scaling of the velocity structure functions. [6, 7] . However, these forms are not consistent with the existing data.
One of the fundamental features of three-dimensional fully developed turbulence is the non-Gaussian statistics at small scales. The energy transfer toward small scales is related to the nonzero skewness of the probability distribution function (PDF) of the gradients, and the large flatness of the PDF (kurtosis) corresponds to the presence of strong bursts in the energy dissipation. This is the most striking signature of the so-called intermittency phenomenon, responsible for the failure of the classical theory of Kolmogorov (K41) which neglects the presence of fluctuations in the energy transfer [1] .
Recently, several papers [2] [3] [4] [5] have discussed the PDF problem. A first approach [2] [3] [4] uses a new mappingclosure theory introduced by Kraichnan [2] . Starting from a Gaussian reference field, he introduced a mapping function J describing the squeezing ratio of the length scale. The evolution equation for J is obtained by modeling the dynamical processes present in the Navier-Stokes equations with a particular emphasis on the local selfdistortion of turbulent structures in physical space. A second method applied dimensional arguments in order to relate the small-scale Auctuations to large-scale statistics assumed to be Gaussian [5] . Thus, explicit forms of the PDF are derived in the context of the K41 theory and of the fractal beta model [6, 7] . However, these forms are not consistent with the existing data.
This Letter generalizes the approach used in Ref. [5] to the multifractal [6, 8, 9] case. In particular, we show that the random beta model [9] allows us to obtain good fits of both the scaling exponents of the structure functions and the PDF of the gradients.
Let us brieAy recall the basic features of the multifractal description. In the following, we shall ignore the vectorial character of the quantities, as well as constants of order 1 in the equalities, which are unessential for our dimensional arguments.
In the inertial range of lengths, the velocity increments
where p(h) is a smooth function of h which is independent of /. The scaling ansatz (2) 
It follows [10] that the dissipative scale ID is itself a func-
The stronger the singularity exponent, the smaller the value of the corresponding dissipative scale lt)(h). In order to stop the cascade one has to require that the smallest singularity exponent A;"& -1. Because of incompressibility constraints [11] ,the value h;"=0, however, seems more reasonable and it is consistent with the present experimental data [12, 13] . The velocity gradients s can be expressed in terms of the singularities h via (1) and (5) Let us now derive the form of the PDF in the multifractal approach. As a matter of fact, when there is a hierarchy of singularities, the probability of observing a gradient value s related to a given singularity h is P (sh)P (th), where Pt is given by (2) . It follows that the conditional probability is given by a weighted integral over the singularities, V P~(s) = dh Ph(s)P, (h) -dh P(h) [9] . It is one of the simplest multifractal models which provides a good At of structure functions.
We show here that it is also capable to reproduce the grat dients statistics with the same accuracy.
In the random beta model [9] (12) , one sees that the probability distribution of the velocity increments is P(U")= j II(Vo)dVo 8 U. -Vol"'"gP; '" gP;P(P;)dP;, i=l i=1 where p(p) is the probability density of the p s. Since the p s are identically distributed according to a binomial distribution, the integral can be reduced to the sum (9) corresponds to considering only the term K =0, with a =1. When N(s) is not large, the main contribution to the sum is given by the first K terms. For increasing Is I, the PDF becomes sensitive to higher K terms, i.e. , to stronger singularities.
A direct inspection of (15) Figure 2 sho~s the comparison between the numerical data of Vincent and Meneguzzi [15] and Eq.
(15), with the same parameters, it;"=0 and a = -"', used for the fit [9, 10] of the structure function exponents g~.
where C=(2(V())) ' and l"=2 ". Figure 1 shows P(v") for different values of n Th.e passage of the velocity increments PDF from a Gaussian form at large scales to an exponential-like form at small scales is quite evident.
The gradient PDF is obtained by (14) , computed at the step N which corresponds to the viscous cutoff (5) slo, where o =&s2). We choose &Vj) =1, v=10 ', and Lo=l to be consistent with the simulation [15] . The data of Ref. [15] are indicated by circles; the solid line is the multifractal prediction of Eqs. (11) or (15) with a= -, ; the K41 prediction (9) and the beta model result (8) Note that the (~'s obtained in Ref. [15] are in good agreement with the experimental results [11] considered in Refs. [9] and [10] . Equation (11) (16) This result is valid for large negative s because the strong jumps in the velocity increments are now only negative. Equation (16) coincides with the result obtained by Kraichnan [2] using the mapping-closure approach.
In conclusion, we have obtained the predictions of the multifractal theory for the PDF of the velocity gradients, in both the Navier-Stokes and Burgers equations. In the Navier-Stokes case, the PDF has no stretched or pure exponential form, but is a superposition of stretched exponentials, each one linked to a singularity exponent h.
The global -but deceptive -effect of the slow increasing with s of K (s) is not too different from a stretched exponential exp( -cIsI') with an exponent t slightly less than 1, as shown in Fig. 2 . We argue that such a feature suggested misleading interpretations of the experimental results. Here, we have obtained a good agreement with the available data using the random beta model with the same value of the free parameters (a = -'", h;"=0) given by an independent previous fit of the structure functions [9] .
